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What are the soap bubbles spanning a circle?
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Solutions of a variational problem

Given a closed curve C ...

Problem 1. Find the surface of least area spanning C .

Problem 2. Find the surface of least area spanning C enclosing a given
volumen.

Problem 1. A′(0) = 0 for any variation ⇔ H = 0: NO blow

Problem 2. A′(0) + λV ′(0) = 0 for any variation ⇔ H = c: YES blow
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The Plateau problem:

Given a closed curve C , find a minimal surface spanning C .

Theorem (Douglas-Radó)

There exists a disk minimal surface spanning any given closed curve.
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Sophie Germain (1831) coined the word mean curvature
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Ruled minimal surface: the helicoid

Theorem (Catalan)

Helicoid (and plane) is the only ruled minimal surface

(s, t) 7−→ circular helix + t horizontal line
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Solutions of the Björling problem

Problem (Björling 1844)

Given a curve α and a unit normal V along α, find a minimal surface
containing α with normal V along α.

X (u, v) = X (z) = <
(
α(z)− i

∫ z

V (w)× α′(w) dw

)
where α,V : I → R3, I = I × {0} ⊂ Ω ⊂ C, Ω simply-connected.

unique with α = X (u, 0). (Schwarz, 1890)
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Uniqueness ⇒

1 If L ⊂ S is a straight-line ⇒ S is symmetric about L.

2 If S meets orthogonally a plane P ⇒ S is symmetric about P.

Procedure: calculate the integral  replace z by u + iv  take real parts
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1 Catalan: α(t) = (1− cos(t), 0, t − sin(t)), V (t) = n(t)
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2 Henneberg: α(t) = (cosh(2t), 0, sinh(t) + 1
3 sinh(3t)), V (t) = n(t)
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3 Minimal Möbius strip (Meeks): α(t) = (cos(t), sin(t), 0),
V (t) = cos(t/2)n(t) + sin(t/2)b(t).
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(–, M. Weber), Michigan Math. J. (2018) X
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1 Trefoil curves

ξ =
1

4
: α(t) = ((cos(t)− ξ) cos(t), (cos(t) + ξ) sin(t)) ,

2 Logarithmic spiral: α(t) = et(cos(t), sin(t))
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The Scherk surface

Problem: minimal surfaces parametrized by z = f (x) + g(y).

X (x , y) = (x , y , f (x) + g(y)) = (x , 0, f (x)) + (0, y , g(y))

z(x , y) = log(cos(y))− log(cos(x)) = log
cos (y)

cos (x)
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A translation surface is a surface parametrized by X (s, t) = α(s) + β(t).

Problem: classify all minimal surfaces of translation type

(–, O. Perdomo), J. Geom. Anal. (2017) X

(T. Hasanis, –), (2019) X

K = ct ⇒ K = 0 and the surface is cylindrical (α is a straight-line)

(–, M. Moruz), J. Korean Math. (2015) X

(T. Hasanis, –), Comm. Anal. Geom. (2019) X
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Rotational cmc surfaces

Theorem (Meusnier, Riemann)

The catenoid is the only rotational minimal surface.

f (x) = cosh(x) =
ex + e−x

2
.
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Rotational surfaces with H = ct (Delaunay surfaces)
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Riemann minimal examples

Minimal surfaces constructed by circles in parallel planes
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X (u, θ) =

(∫ u λt2 dt√
λ2t4 + 2µt2 − 1

, 0,

∫ u dt√
λ2t4 + 2µt2 − 1

)
+u(cos θ, sin θ, 0).
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O1,2 → 0?

O1,2 > (
√

2− 1)h

(–), Annali Mat. Pura. App. (2017) X
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In other ambient spaces, L3, H = 0, H = c .

(–) Diff. Geom. Appl. (1999) X

(–) Geom. Dedicata, (1999) X

(F. López, –, R. Souam) Michigan Math. J. (2000), X

(–) Mon. Math. (2008) X

(O. Boyacioglu, –, D. Saglam) Taiwanese J. Math. (2011) X

(–, A. Nistor), Results Math. (2013) X

(S. Kaya, –), Proceedings of the conference M:IV, to appear X
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Double bubbles
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Conjeture:

Spherical caps are the only compact CMC surfaces spanning S1

1 topological disk.

2 without self-intersections.

3 stable.

(1)+(3) ⇒ yes!
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The Dirichlet problem

Given a domain D ⊂ R2, H ∈ R and ϕ a continuous function on ∂Ω, :
Does a graph exist on Ω, with constant mean curvature H and boundary
values ϕ?

div
Du√

1 + |Du|2
= 2H on Ω

u = ϕ along ∂Ω

Theorem (Serrin)

If κD ≥ 0, there exists a solution for any ϕ if and only if 2H ≥ κ.
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{
H = constant in D
u = 0 along ∂D

If D is a convex domain...

1 H > κ.

2 length(∂D) <
√

3π
H .

3 area(D) < π
2H2 .

4 diam(D) < 1
H .

(–, S. Montiel), Duke Math. J. (1996) X

(–), J. Differ. Eq.(2001) X

(–), Glasgow Math. J. (2002) X
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∃M independent on t ∈ A:

‖ut‖C1(Ω) = sup
Ω
|ut |+ sup

Ω
|Dut | ≤ M.

Theorem

If D is convex and L(∂D) <
√

3π/H2, there is a solution with u = 0.

L <

√
3π

H2
 h <

1

2H
− ε.
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A bifurcation problem

Max Planck Institute of Colloids and Interfaces (Potsdam, Germany)
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Theorem

A cylinder confined in a strip with contact angle γ ∈ (π/2, π) bifurcates in
a family of non-rotational CMC surfaces with the same boundary. The
new surfaces are periodic along the strip.

(–), Siam J. Math. Anal. (2014) X

(–), Siam J. Appl. Math. (2017) X

(–), Mathematics for Industry, vol. 25, The Role and Importance of
Mathematics in Innovation, Springer, 2016, X
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Theorem (Vogel, Athanasseas)

Hemisphere is the only stable CMC surface over a plane.
Cylinder is the only stable CMC surface between two parallel planes.
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Theorem (2014)

Part of a sphere is the only stable CMC surface in a wedge.
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THANKS FOR YOUR ATTENTION!
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